Let Q(x, y, z) be an indefinite ternary quadratic form of determinant D < 0. Let t 2 0 be any given real number. Then the author proves the existence of a function f (t) such that given any reals x,,, yo, z. we can hnd integers x, y, z such that -t(f(t)lDl)"" < Q(x+xo,y+y,,z+z~J 2 (f(t)1 D1)1'3. The result is beat possible for eight values of t and in particular includes the previous best known results as special cases.
INTRODUCTION
Let Q(x,,. . .,x,) be an indefinite quadratic form in n-variables with signature (r, n--r), 0 < r < II and determinant D # 0. The symmetric non-homogeneous problem is to find the best possible constant C,,,-, such that given any real numbers cl,. . . , c,, we can find integers x1,. . .,x,, such that IQ<xl +CI> *. .,x,+c,)I 2 (cr,n-rplvn (1.1) The value Ci , 1 = l/4 follows from the classical result of Minkowski on product of the non-homogeneous linear forms. C2, i = Cl, 2 = 27/100 are due to H. Davenport [6j. The value C,,, = l/4 for all r is due to B. J. Birch [3] . The result C,, 1 = C,,, = l/3 were proved by the author [9] . G. L. Watson [13] proved the result for all II 2 21 and any I, 0 < r < n.
One could ask the more general question: Is there a function f(t) for all t in 0 I t < cc or for some special t such that given any real numbers Cl,. * *, c, we can find integers x1,. . . , x, such that -tCf(t)lDl)"" < Q(xl + cl,. . . , x,+ en) I (f(t)lDl)""
(1. 2) One would naturally like to find best possiblef(t). In practice even the f(t) which work for all t will be best possible only for some special values of t. For forms of the type (1, 1) results of this type were proved by several authors (Davenport and Heilbronn [A, Blaney [4] , Barnes and SwinnertonDyer [2] ). For forms of the type (2, l), f(O), f(1) andf(co) were obtained by Barnes [I], Davenport [6] and the author [S] respectively. The author [9] , [IO] has also obtainedf(0) when Q is of the type (3,l) and 2,2). Our object is to obtain a functionf(t) for all t in (0 I t I co) (the case t = co has to be viewed as a limiting case as t + co) for ternary forms of the type (2,l); which is best possible for eight values oft and in particular includes the previous known results (i.e.f(O),f(l) andf(co)). More precisely we prove:
THEOREM. Let t 2 0 and Q(x, y, z) be an indefinite ternary quadratic form of the type (2, 1) and determinant D < 0. Then given any real numbers x0, yo, z. we can find (x, y, z)= (x0, y,, zo) (mod 1) such that
( (XO,YO, ZO) = (l/2,1/2,1/2) (mod 1) t= 1; Q-PQ~ =~(~~+lOy~+xz-.z~);
(xo,yo,zo>~(0,1/2,0)(mod1) t = 9/7; Q -pQs = ,o(x2+9y2-3z2);
(XO,YO, ZO) = (l/2,1/2,1/2) (mod 1) t=3; Q-pQ, =p(x2+yz); (xo,~o,zo) = (l/2,1/2,1/2) (mod 1) or Q N pQs = p(2x2+y2-z'); (x~,Y~, zo> = W&W WI (mod 1) t = 7; Q -pQs = p(x2+y2-z'); (x~,Y~,z~) = UP, U&W) (mod 1) or Q-PQIO = p(x2+2yz); (x0, yo, zo) = U/2,0,0) (mod 1) t= co; Q-pQ,, =p(x2+xy+y2-2yz);
(x~,~~,z~)E(O,~, 1/2)(modl)
where p > 0.
By simple congruence considerations it is easy to verify that equality is needed for the forms Qi at the appropriate points.
2. SOME BASIC LEMMAS LEMMA 2.1. Let Q(x, y, z) be an indefinite ternary quadratic form of determinant D < 0. Then there exist integers u, v, w such that 0 < Q(u, v, w) I (9/41D1)"3 (2.1) except when Q(x, y, z) N p(x2 + yz), p > 0. This is Theorem 1 of Oppenheim [12] . ProoJ The result is in fact true for all indefinite quadratic form in three or more variables. For a proof see B. J. Birch [3] .
Thus our theorem is true when m = 0.
LEMMA 3.2. If Q N m(x'+yz), then the theorem is true.
Proof. Without loss of generality we can suppose Q(x, y, z) = x2 + yz. Let Let now (yo, zo) E (0,O) (mod 1). If 0 < t I 3, take y = z = 0 and x = x0 (mod 1) with 1x1 I l/2, so that -td<O<x'+yz=x'< 1/4<d, with equality only if t = 3 and x0 E l/2 (mod 1).
If t = 0, take y = z = 0 and x zz x0 (mod 1) with 0 c x I 1, so that 0 < x2 +yz = x2 I 1 = d with equality only if x0 = 0 (mod 1). This completes the proof of the theorem if Q N m(x'+ yz).
We may now suppose m > 0 and Q(x, y, z) * p(x2 + yz). Given 0 c &o < l/16, there exist integers U, U, w such that Q(u, v, w) = EC, 0 I E < e. < l/16. Remarks. It can be easily verified that 4d-1 > 0 for t I 3. We shall use this fact repeatedly. Proof. From (3.6) it follows easily that qS(y, z) cannot lie in the intervals (0,$-s) and (-it, -E). If --E I #yz) < 0 choose smallest integer n such that
--E > 4(ny, nz> = nV(y, z> > ( > 2 2G4 > -4, since E < l/16 and n2/(n-1)2 < 4 for all n. But this is impossible for integers ny, nz. Hence the lemma must be true. Thus in order to prove Theorem A, it suffices to satisfy the condition (4.2) of Lemma B; and to show that equality can occur only for the forms equivalent to Qi. In all cases we shall not give details of the second part which is easy to verify. To prove the result it suffices to show that
o, say.
Since g(v) = (1 -vj3(1 +3v) = 64d3(1 + t)'
V4
(1-4d)' and g(v) is decreasing in 0 I v < 1, it suffices to show that or (3t-l)v, > 3-t. This is clearly true since t > 3 and v,, 2 0. It is easy to show that equality can occur only for the special forms Qi. A slight simplification shows that this is satisfied if 4(7 -t) 4(15-t) g(c)=c3+l+tc2+-c-16 > 0. We can now suppose d < l/4.
It will be convenient to write &, z) as -rj~,(y, z) since the rest of the proof is quite similar to the method of proof in [8] .
It suffices to prove that we can find (y, z) E (y,, zO) (mod 1) such that (c-2)2 2 0, which is true for all c. By considering the cases of equality more closely it is easy to verify that equality occurs only for the special forms stated in the theorem. This completes the proof of Theorem A.
